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Abstract
We present experimental and theoretical results on an acoustic metamaterial that exhibits a
negative effective modulus in a frequency range from 0 to 450 Hz. A one-dimensional acoustic
metamaterial with an array of side holes on a tube was fabricated. We observed that acoustic
waves above 450 Hz propagated well in this structure, but no sound below 450 Hz passed
through. The frequency characteristics of the metamaterial has the same form as that of the
permittivity in metals due to the plasma oscillation. We also provide a theory to explain the
experimental results.

(Some figures in this article are in colour only in the electronic version)

Many phenomena previously regarded as impossible have been
realized using metamaterials consisting of sub-wavelength unit
cells. Metamaterials with negative values of constitutive
parameters [1–10] received much attention because of their
novelty and applicability for fascinating applications such
as optical superlensing and cloaking [11–15]. Most of the
negative metamaterials are based on local resonators: split
ring resonators for μ negativity [4, 5], Helmholtz resonators
for negative modulus [6] and a membrane resonator for a
negative dynamic mass [16]. These negative parameters stem
from the reaction of the oscillating resonant elements [17].
Therefore the frequency ranges for the negative parameters
are limited to bands that do not extend to zero frequency.
We will refer to these negative materials as local-resonator-
type metamaterials to distinguish them from the non-local-
resonator-type metamaterials. For example, the metal wires
used to generate low frequency ε-negative material are not
resonators themselves [3, 5]. Because the negative permittivity
is not due to the resonating unit elements, the frequency range
for negativity extends from a cutoff down to zero frequency.
Another example of non-local-resonator-type metamaterials
is the zero-frequency metamaterial based on superconducting
blocks reported by Wood and Pendry [18]. In this paper
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we present an acoustic example of a non-local-resonator-type
metamaterial. This metamaterial exhibits a negative effective
modulus in the frequency range from zero to a cutoff frequency,
with the frequency characteristics the same as that of the
metallic permittivity.

It is well established that plasmons in metals or in an array
of metal wires produce dielectric frequency characteristics
given by

ε(ω) = εo

(
1 − ω2

p

ω(ω + iγ )

)
, (1)

where ωp is the plasma frequency and the parameter γ is a
damping term [2, 3]. The phase velocity of electromagnetic
waves becomes

vph =
√

1

εμ
=

√
1

εoμo(1 − ωp2/ω(ω + iγ ))

= vo√
1 − ωp2/ω(ω+iγ )

, (2)

where vo is the speed of light in vacuum.
If we neglect the damping term γ , equation (2) becomes

vph = c/
√

1 − ωp2/ω2. Below the cutoff frequency
ωp, the electromagnetic waves do not propagate but decay
exponentially with distance. At the plasma frequency, the
wavelength becomes infinite and all the electrons oscillate in
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Figure 1. (a) Structures of metamaterials; one-dimensional structure
consisting of an array of side holes on a tube. This system exhibits
negative effective modulus. The unit cell is shown on the right.
(b) Experimental set-up for the transmission and phase velocity
measurements.

phase, creating a plasma oscillation. Above ωp, the phase
velocity decreases to approach the speed of light in vacuum.

In this paper we present a homogenized acoustic meta-
material with a negative modulus that behaves analogously to
the negative permittivity. We constructed the metamaterial as
schematically shown in figure 1(a). The unit cell is a short tube
with a side hole (SH). Unlike the Helmholtz resonator, this unit
cell does not resonate acoustically by itself. When the unit cells
are connected, it becomes a tube with a regular array of SHs.
The tube has 32.3 mm inner diameter and the SHs (diameter
10 mm) are spaced by d = 70 mm.

The experimental set-up in figure 1(b) consists of a normal
tube on the left and the metamaterial on the right. The length
of the metamaterial is 1.7 m, consisting of 25 unit cells. The
absorbers at both ends absorb the acoustic energies allowing
little reflection, so that the system behaves as if it extends to
infinity. The absorbers are long tubes with arrays of sponge-
like resistant plates placed inside to make the acoustic waves
decay completely. This eliminates concern about the effect of
the finite number of cells used in the experiment as well as
the interference effect from the reflected waves. The sound
source injects acoustic energy into the tube through a small
hole, generating incident waves propagating to the right. The
source frequency, 0–1500 Hz, is such that the acoustic tube
supports only a uniform waveguide mode and that the higher-
order modes are all cut off [19]. At the boundary to the
metamaterial, a portion of the incident energy is reflected and
the rest transmitted. In the metamaterial side, the transmitted
acoustic energy flows steadily to the right until it hits the
absorber.

Figure 2(a) shows acoustic propagation data in the
metamaterial for several frequencies. For the frequencies
below 450 Hz (200 and 400 Hz) the sound intensity decayed
exponentially with distance, x , from the boundary. Note
that when the frequency is lowered the curve approaches

Figure 2. (a) Sound intensities as functions of the distance from the
boundary, x . The broken lines connecting the data points are for eye
guides. (b) Experimental and theoretical values of transmission in the
metamaterial. The theoretical curve with γ = 0.12ωsh fits excellently
with the experimental data. (c) Phase velocities in the metamaterial.
The experimental data agree with the theoretical result from
equation (6).

asymptotically to the theoretical zero frequency curve. For the
frequencies above 450 Hz (600, 800 and 1000 Hz) the sound
waves propagated well with a slight decay due to damping. The
sound amplitudes are normalized to the value at x = 0. The
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sponge-like resistance plates in the absorber section introduce
a slight impedance mismatch between the metamaterial and
the absorber, which produces little reflection. The resulting
reflected waves produce only about 10–20% wiggles and, thus,
the main features of the data in figure 2(a) are not affected.
The transmission data shown in figure 2(b) were measured as
the ratio of the pressure amplitudes at two different positions;
at x = 0 and 1.3 m. It can be seen that the sound waves
above 450 Hz propagated well, but sounds below 450 Hz
were completely blocked by the metamaterial. The theoretical
curves are from the calculation given below. Again, since
the wiggles have different values at the measuring points for
different frequencies, the transmission data as a function of
frequency have wiggles deviating from the calculated values
in figure 2(b). The phase velocity in the pass band was
determined from the measured phase shifts with the change of
detector positions. Figure 2(c) shows the experimental phase
velocity together with the theoretical value discussed below.
The theory and the experimental results agree excellently for
both the transmission and the phase velocity.

The novel behavior of the acoustic metamaterial is due to
the motion of air in the SH. The longitudinal wave motion in
the tube is affected by the motion of air moving in and out
through the SH. The air column in each hole has a mass given
by M = ρ l ′S [19], where ρ = 1.21 kg m−3, l ′ = 20 mm and
S = 78.5 mm2 are the density of air, the effective length and
the area of the SH, respectively.

Now we present a theoretical model for the system. The
air column moves in and out with velocity v, driven by the
pressure p in the tube according to Newton’s law, pS =
Mdv/dt + bv, where b is the dissipation constant representing
the sum of the drag loss and the radiation loss. As there
are n(1/d = 14.2 m−1) SHs per unit length, we can define
the SH-mass density and SH-area density as ρsh = nM , and
σsh = nS, respectively. Because the spacing of the SH is much
smaller than the wavelength, the system can be regarded as a
homogenized medium. The SH then acts as a sink that modifies
the continuity equation in the tube:

−
(

1

B

)
∂p

∂ t
= � · �u +

(
σsh

A

)
v, (3)

where A is the cross section of the tube and �u is the longitudinal
velocity of the fluid inside the tube. Using the harmonic
expression v = V e−iωt , this can be simplified to

� · �u = −
(

1

B
− σ 2

sh

ρsh Aω(ω + iγ )

)
∂p

∂ t
, (4)

where γ is the damping term representing the sum of all
the dissipating mechanisms for the propagating wave. For
example, in our system there are small leaks in the junctions
between the cells. These leaks cause dissipation on the
propagating waves in addition to the loss from air motion in
the side holes. The proportionality constant of the expansion
(� · �u) to the pressure drop ∂p/∂ t is defined as the effective
modulus:

B−1
eff =

(
1

B
− σ 2

sh

ρsh Aω(ω + iγ )

)
= B−1

(
1 − ω2

sh

ω(ω + iγ )

)
,

(5)

where ωsh = (Bσ 2
sh/Aρsh)

1/2. The corresponding frequency,
fsh(=ωsh/2π), is calculated to be 450 Hz from the parameters
given above and the bulk modulus of air B = 1.42 × 105 Pa.
The acoustic wave equation obtained from equation (4) and
Newton’s equation, −�p = ρ ∂ �u/∂ t , gives the frequency-
dependent phase velocity:

vph =
√

Beff

ρ
=

√
B

ρ
(
1 − ω2

sh/ω(ω + iγ )
)

= vo√
1 − ω2

sh/ω(ω + iγ )

, (6)

where vo = √
B/ρ is the speed of sound in air. Note that

equations (5) and (6) are formally identical to equations (1)
and (2) with the B−1 and ωsh corresponding to ε and ωp,
respectively. Equation (6) shows that, for the frequencies
below ωsh, the acoustic waves do not propagate but decay
exponentially with distance, because the phase velocities
assume imaginary values. Above ωsh, the acoustic waves
propagate well. As the frequency is increased from ωsh, the
phase velocity decreases from a large value to the asymptotic
value, vo. All these theoretical results agree with experimental
data as shown in figures 2(a) and (c).

From equation (6), the dispersion k(ω) can be calculated:

k(ω) = ω

vph
=

√
ω2 − ω2

sh/(1 + iγ /ω)

vo
. (7)

The imaginary component in the wavevector indicates the
decay of wave amplitudes along the tube axis. The theoretical
curves in figure 2(b) show the intensity ratios calculated from
equation (7) of the acoustic signals at two different positions;
at x = 0 and 1.3 m. The curve for the ideal case of γ = 0
shows pass/non-pass behavior for the acoustic waves. The
experimental data can be satisfactorily fitted with the values
of γ in the range of γ = 0.12 ± 0.02 ωsh. In figure 2(b),
the γ = 0.12 curve is shown. In our system dissipation from
the air motion through the side holes is estimated to be about
γ = 0.025–0.04 ωsh. The empirically determined γ is larger
because of the additional contribution from the leaks in the
junctions.

In summary, we presented the fabrication of a non-local-
resonator-type of acoustic metamaterial. The theoretical model
explains the negative effective modulus in the frequency range
from zero to a cutoff frequency, ωsh. The experimental
data agree excellently with the theoretical results for the
decay characteristics below the cutoff frequency and the phase
velocity in the pass band. We expect the wide spectral
width of the present acoustic metamaterial provides a basis
for future research for acoustic double negative metamaterials
and further applications such as acoustic superlensing and
cloaking [20–26].
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